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Abstract 

Given a Poisson point process of unit masses ("stars") in dimension 
d > 3, Newtonian gravity partitions space into domains of attraction 
(cells) of equal volume. In earlier work, we showed the diameters of 
these cells have exponential tails. Here we analyze the quantitative ge- 
ometry of the cells and show that their large deviations occur at the 
stretched-exponential scale. More precisely, the probability that mass 
exp(—R"') in a cell travels distance R decays like exp(—R^'^^'^^) where we 
identify the functions /d(-) exactly. These functions are piecewise smooth 
and the discontinuities of represent phase transitions. In dimension 
d = 3, the large deviation is due to a "distant attracting galaxy" but a 
phase transition occurs when /3(7) = 1 (at that point, the fluctuations 
due to individual stars dominate). When d > 5, the large deviation is 
due to a thin tube (a "wormhole" ) along which the star density increases 
monotonically, until the point fdij) = 1 (where again fluctuations due to 
individual stars dominate) . In dimension 4 we find a double phase transi- 
tion, where the transition between low-dimensional behavior (attracting 
galaxy) and high-dimensional behavior (wormhole) occurs at 7 = |. 

As consequences, we determine the tail behavior of the distance from 
a star to a uniform point in its cell, and prove a sharp lower bound for the 
tail probability of the cell's diameter, matching our earlier upper bound. 
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1 Introduction 



1.1 The main results 

Let d> 3 and let Z he a standard Poisson point process ("the stars") in W^. 
The (random) gravitational force field function F{x) is defined by 



x^Z, \z—x\'\ 



z — X 



z — x\ 



(the summands are ordered by increasing distance from x; recall that in |2] 
it is proved that the sum converges conditionally a.s. when the summands 
are ordered in this way). Then for each z ^ Z we denote by B{z) its basin 
of attraction (also called its cell) in the gravitational allocation defined in 
[2]. Loosely speaking, B{z) is the set of points which fiow into z under the 
gravitational fiow 

X = F(x), 



Denote also by ipz the allocation mapping, given by 



X E B(z) for some z E Z, 
oo X ^ U^^zB{z). 



In [2] we showed that all the cells B(z) = i'z^iz) have volume 1 (essen- 
tially a consequence of the divergence theorem, first discovered in a differ- 
ent context in [6]). This means that gravitational allocation is a fair and 
translation-equivariant allocation rule. Not only is it a rather natural con- 
struction, but we also analyzed it and showed that it has a rather desirable 
efficiency property not shared by other known constructions, which is that 
the allocation cells are stochastically "small". More precisely, let X be the 
random diameter of the (almost surely unique) cell containing the origin. 
That is, 

X := Diam{ilj^\ilJz{0))). 
Then we showed that for all i? > 1 the inequality 

F{X > R)<Cexp( - cRilogR)""] (1) 



holds, where C, c are some positive constants that depend on d, and = 
[d — 2)/d if d > 3 or can be taken to be any number less than —4/3 if = 3 
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(in which case C, c will also depend on a^). In other words, the tail decay 
of the random diameter of the cell containing the origin is (at least) slightly 
faster than exponential in the distance in dimensions 4 and higher, and (at 
least) almost exponential in dimension 3. 




(a) (b) 

Figure 1: (a) The gradient flow allocation Jl] (picture by Manjunath Krish- 
napur); (b) The gravitational allocation. 



One natural question is whether the bound in ([T]) is sharp. We answer 
this question affirmatively (up to the lower order correction terms), and prove 
the following result. 

Theorem 1.1. For all dimensions d > 3 we have 

P(X > R)= exp(-i?i+°(i)) 

as R ^ oo. 

The proof of the lower bound in Theorem 11.11 is based on a precise under- 
standing of the structure of the cells. Examining the structure in simulations. 
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we see they have two parts with quahtatively different behavior: A massive 
central core, which is hard to move, and relatively "thin" tentacles, which 
are more ffexible. This heuristic picture is captured by our main result. The- 
orem 11.21 which pins down the spectrum of large deviation probabilities for 
the cell. The i?-core of a cell B{z) is defined as the set B{z)r\B{z, R) (where 
B{z,R) is the Euclidean ball of radius R around z). The rest of the cell is 
termed the i?-tentacles of the cell. 

Theorem 1.2. Let 



the volume of the R-tentacles of the cell containing the origin, and let 



as R ^ oo. Furthermore, there exists a C > such that for all d > 3 



as R oo. 

Figure [2] shows the functions /a, f^ and (schematically) fd for d > 5. 
The points of non-smoothness in the rate functions are classical signatures 
of phase transitions. The above theorem has several surprising features, in 
particular the double phase transition in dimension 4, which we now moti- 
vate. 

One leading scenario causing mass exp(— i?'^) in a cell to travel distance 
R is the existence of an attracting galaxy (see figure [3]). More precisely. 



Zn:= Vol{^^\iJzm\B{MO),R)), 




Then for all dimensions d > 3 and for a// 7 > 



¥{Zr > exp(-i?^)) = exp(-i?-^''(^)+°(i)) 



F{Zr > R-^) = exp(-i?^''(°)+°(^)) 
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1 2 3^ ^32 2 ^0123 

Figure 2: The functions /a, /4 and fd {d> 5). 



the "attracting galaxy" represents a region U of volume having cR'^~^ 
stars beyond its expectation; this event has probability exp(— i?''"^'''"'"''^^'') 
for < 7 < |. However, we also need to control the stars in a channel of 
length R and constant cross section in order for the mass to reach the distant 
attracting galaxy; obtaining this control (e.g., by keeping the channel empty 
of stars) has probability exp(— Taking both of these into account 
yields the expression for /a (7). 




Figure 3: An attracting galaxy: Requiring U of volume R'^ to have cR'^ 
stars more than expected causes the required pull to the right. 



2R 



A" 
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The density of stars on the boundary of 
the cylinder U increases linearly 



Figure 4- A wormhole. The radius a is _R~{2-7)/('i-2)+o{i) ^ Here the required 
pull to the right in V is caused by the increasing density of stars on the curved 
part of the boundary of the cylinder U. 



In high dimensions {d > 5) another scenario emerges as the dominant rea- 
son for mass exp(— i?^) in a cell to travel distance R: The existence of a 
wormhole, a thin tube of radius surrounded by R^^d^^"'-^'' stars 

arranged in rings of increasing density which "pull" mass through the tube 
(see figure H]). This has probability exp(— i?^^^"*""*-^-'). Fine control of stars 
within bounded distance of the wormhole is still needed; this has probability 
exp(— so we obtain the expression for fdi'j), d > 5. 

In dimension 4, a wormhole is the dominant scenario when 7 < |, but 
for 7 > I it is still cheaper to move mass using an attracting galaxy. 

A key challenge in proving the lower bounds is approximating smooth 
mass distributions using carefully placed discrete stars. This is based on the 
theory of Chebyshev-type cubatures which we apply in section [61 In fact, for 
our applications some new results in the theory of cubatures were needed; 
these are developed in [3]. 
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Theorem 11.21 reveals more about the geometry of the cells. Let Y be the 
distance from a uniformly chosen point in the cell of the origin to the star of 
that cell. By translation equivariance, Y may be written as 

1^^(0)1, 

the distance between the origin and the star of its cell. Clearly, Y < X, but 
it turns out that in dimensions > 4, it has much lighter tails. 

Theorem 1.3. Let = 1 and gd = 1 + for d > 4. For all dimensions 
d>3 we have 

F{Y > R)= exp(-i?»^+°(^)) 

as R oo. 

The exponent ga is the unique 7 satisfying /d(7) = 7 for the function 
of Theorem 11.21 Surprisingly, in dimension 4 it coincides with the location 
of the first phase transition. 

The case where a constant fraction of the cell's volume lies in its R- 
tentacles is also quite interesting. A simple lower bound for it is given in the 
next theorem. In dimension 3 this bound captures the correct exponent. 

Theorem 1.4. (a) For all d > 3 and < a < 1 there exist C{a),c{a) > 
such that if R> C{a) we have 

HZji >a)> C{a) exp{-c{a)R'^). 

(h) For d = 3 we have P(^i? > a) = exp{—R'^^"^^^) as R ^ 00 for a fixed 
< a <1. 

1.2 Sketch of the proofs 

In this section we sketch the proof of Theorem 11.21 We prove separately 
the upper and lower bounds for f{Zji > exp(— i?"^)). The upper bound for 
P(Zk > follows from the other cases and the lower bound is proved 

similarly. 
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Lower bounds 

We start with the lower bounds (Section [9]). To prove the bound we exphcitly 
construct an event with large enough probability on which the event Zr > 
exp{—W) holds. We do this as follows. First, consider the event that a 
"cylinder" of the form V = [—R, R] x [rS'^~'^) centered at the origin, with 
side length R and radius r, has the following properties (see Figure E]): 

(I) The cylinder V contains no stars and has at each point a force whose 
first component is between cR^~"' and CR^~'^ for some fixed C,c> 0. 

(II) The force at each point of the cylinder ^'s boundary except, perhaps, 
for the "caps" {±1} x [rS'^~'^) has an outward-pointing normal com- 
ponent. 



2R 



/ f 



2r 



V 



1/ 



Figure 5: An outline of the constructions for the lower bound. Arrows rep- 
resent the gravitational force: a positive first-coordinate component (of order 
R^''^) inside the cylinder V and an outward-pointing normal component on 
the curved part of the boundary. 
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By considering the backward flow of tlie force and using Liouville's the- 
orem (equation ([7j)) we deduce that if this event (intersected with another, 
highly probable, event) holds then there is a star close to the origin whose 
cell has more than exp{—CW) volume outside its cR-coie. This implies 
the required lower bound. The rest of the lower bounds' proof consists of 
constructing an explicit event having the largest possible probability (in the 
exponential scale) on which the conditions (I), (II) hold. We remark that a 
version of the above construction was also implicitly present in [4J. 

To construct this event we place stars at certain roughly specified loca- 
tions. Under this placement the expectation of the force satisfies (I) and (II). 
We then still need to prove that the force fluctuations induced by the rest of 
the stars do not change this expected picture; this will be explained further 
below. To place the stars, we use the more economical of two constructions 
according to the regime of the parameters d and 7. The first construction, 
the attracting galaxy, is used for ci = 3, < 7 < 1 and for d = 4, | < 7 < |. 
The second construction, the wormhole, will give the lower bound for d = 4, 
< 7 < I and for = 5, < 7 < 2. The constructions differ in whether 
the pull in V is due to "far away" or "nearby" stars. We now sketch these 
constructions. 

Attracting galaxy: In this construction we take V to be of length R 
and constant radius. We first require that V should be empty of stars which 
automatically ensures that (II) is true for the expected force in V. We then 
consider a cylinder U with dimensions of order R located lOR units right of 
the origin and require that this cylinder contains order R'^~'^ stars more than 
its expectation (see figure [3]). These extra stars create the required estimate 
(I) (hence the name "attracting galaxy"). The probabilistic cost of this 
construction is dominated by placing these extra stars and is exp(— Ci?°'~^'^). 

Wormhole: The second construction is more complicated and is done 
only for d > 4. Here we take V to be of length ^R and radius R~'^~^°''^\ 
We also consider U := 3V and require that U should be empty of stars. 
As before, this ensures that (II) holds for the expected force in V. We 
now place stars very close to the boundary (excluding the caps) of ?7 in a 
way which approximates a continuous density of stars (see figure H]). More 
precisely, we place the stars so that for any x E V, the force J2z f^i^fp 
to these stars approximately equals / jf^^jdu^z) for a given measure z/. The 
measure z/ we use is the one supported on the boundary of U, excluding the 
caps, which is absolutely continuous with respect to the {d — 1) -dimensional 
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surface area measure and whose density depends only on the first coordinate, 
rising hnearly from _R(^~'^)d^+°(^) at the left end to twice that at the right 
end. This placement of stars causes the expected force in V to satisfy (I) 
(for d > 4) and leaves the estimate (II) intact. The probabilistic cost of this 
construction is dominated by the placement of stars approximating u and 
equals exp(— i^^^d^^"^^-*) (which is approximately exp(— //(M'^))). 

The main difficulty in the wormhole construction lies in the approxima- 
tion of u by stars. We require a very precise approximation and rely on a 
special type of Chebyshev-type cubature (Section [6]). To this end, we divide 
(most of) the boundary of U into pieces of small diameter R~d=2~°(^^ and 
equal measure R°^^^ and for each piece we place stars at positions (zi) near the 
piece in a way that the discrete measure ^ has approximately the same 
first multi-moments as the measure u restricted to that piece. By considering 
the Taylor expansion of the force (Section [Tj) and using the smallness of the 
diameter we observe that such an approximation suffices to approximate the 
force in V. 

Controlling the fluctuations: As mentioned above, these construc- 
tions only cause the expected force in V to satisfy estimates (I) and (II), 
we also need to show that the fiuctuations induced by all the stars whose 
locations were not specified do not significantly affect this expected force. It 
turns out that the main contribution to the force fluctuations comes from 
stars at distances between R°^^^ and R from the set V (those more distant 
typically induce small fluctuations as shown by moderate deviation estimates 
and we require that closer stars do not exist). These fluctuations turn out 
to typically be too large and to overcome this we prove a small ball esti- 
mate lower bounding the probability that they are all small. Theorem 18.11 
(roughly) says that the fluctuations to the expected force in V from the stars 
at distances between R°^^^ and R are smaller than with probability at 
least exp(— i?^+°*^^)). This theorem is one of the main and difficult compo- 
nents in our proof and a sketch of it is given in Section [SI It again relies on 
a special type of Chebyshev-type cubatures, this time showing that the stars 
lie on an approximate cubature with a lower bounded probability. 

Upper bounds 

The proof of the upper bounds (Section Hj) relies on ideas from [1] but requires 
a more complicated analysis due to the stronger fiuctuations of the Poisson 
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process. 

Dimensions 5 and higher: Our starting point is an observation coming 
directly from Liouville's theorem which says that in each cell, the volume 
of the set of points taking time at least t to travel to the star is exactly 
exp{—dKdt), where = n'^^'^ /T{d/2 + 1) is the volume of the unit ball in M*^. 
Letting z be the star of the cell of the origin, this already implies that if, say, 
■^4R > exp{—dKaW) then there is a point x in the cell of the origin taking 
time less than to travel to z and satisfying |x — 2;| > AR. Next, recalling 
that the potential U (see ([3])) decreases along flow curves, we consider the 
flow curve of the point x and divide it into three parts. The part from x to 
the first point Xi on which U{xi) = R^~"' , the part from Xi till the first point 
X2 where U{x2) = — -R^""^ and the part from X2 to z. The next observation 
is that a gravitational flow curve cannot travel far if it it flows for a short 
time with a small potential change. Since x travels to z in less than R"' time 
we deduce from this that the path from xi to X2 has diameter smaller than 
\/2R. But recalling that |x — 2;| > 4i?, we see that either the first or the third 
part of the path must have diameter at least R. Summarizing the above, we 
have shown for d>b that if Z^^r > exp{—dK,dR"') then there is a curve in the 
cell of the origin whose diameter is at least R and on which > R^~"' . 

Using ^ to estimate the diameter of the cell we may also assume that this 
curve is not too far from the origin. 

Long curves with atypical potential: The main theorem in the upper 
bounds section then says that the probability of a curve as above is at most 
exp(— The reason behind this is that the main contri- 
bution to the probability of |f/(a;)| > R^~'^ comes from having some star at 
distance cR~^'^~"'^^'^'^~'^^ from x. So if this was the only way |f/(a;)| would be 
large then we would have to have at least _Ri+(2~7)/{'^-2) fiigjoint (and hence 
independent) occurrences of this which would yield the required bound. The 
main difficulty is in showing that indeed, having \U\ large along the curve 
because of many stars further away, although it affects \U\ at more points, is 
still less likely than having the effect come mainly from nearby stars. This is 
achieved using a multi-scale analysis in which we partition space into finitely 
many slabs (Ai) and discretize distance to finitely many scales (Lj) and then 
for each possibility of assigning a scale Lj(j) to a slab Ai we estimate the 
probability that there exists a point in Ai having large potential due to the 
effect of stars at distance of order Lj(j) (for the smallest scale we estimate 
the probability of many points in Ai to be affected by this scale). 

Dimensions 3 and 4: The above approach needs to be slightly modified 
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for dimensions 3 and 4 since the stationary potential U does not exist. Instead 
we work with the potential difference function W^^^ which should be thought 
of as U{x) — U{y) for two points x,y. Most of the ideas and techniques 
from dimensions 5 and higher carry over to this case; however, one main 
difference is that in some regime of the parameters (namely, when d = 3 
or when d = 4 and 4/3 < 7 < 3/2) the main contribution to the potential 
difference If^^^ly, x) is from stars which are "far away" (formally: at distance 
at least of order R^'^~"'^^'^) from x or y. We bound this contribution using the 
large deviation theorems developed in [2] and find that it is significant with 
probability at most exp{—cR^~^'^) for c? = 3 and at most exp{—cR'^~^^) for 
d = 4. In the regime described above this probability dominates the estimate 
(this explains the appearance of the first phase transition in dimension 4). 



1.3 Proofs of Theorems 11.31 and 11.41 

Proof of Theore'm \1.3[ Fix R > and let dfi denote the distribution of Zr. 
Then since Y is the distance between the star of the cell of and a uniformly 
chosen point in its cell we have that 

P(r > R) = [ vdfi{v) = [ F{Zr > v)dv 



¥{Zr > v)dv + / ¥{Zr > v)dv 

JVR 

for any < f/j < 1. Since we also have 

r'"R /■! 

VrF{Zr >Vr) < / F{Zr > V)dv + / F{Zr > V)dv 
Jo JvR 

< VR+{l-VR)nZR>VR) 

the result follows by choosing vr = exp{—R^'^) and using Theorem 11.21 □ 

Proof of Theorem l.^. Part (b) follows from part (a) and Theorem 11.21 For 
part (a), fix i? > 0, < a < 1 and let A''^ be the number of stars in i?(0, R). 
Let 

El := {Nr > J—Yo\{B{0,2R))}, 
1 — a 

E2 := {There is no gravitational flow curve connecting dB(0, R^'^) 
and 95(0, 2i?2'^)}, 
:= {The cell containing x has at least a volume in its i?-tentacles}. 
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On the event Ei we note that one of the stars in -8(0, R) must have at least 
a volume in its i?-tentacles. Then if both Ei and E2 occurred then the cell 
of that star is contained in 5(0, 2i?^'^). Next, denoting B := B{Q,2R^'^) and 
using Fubini's theorem we have 

Vol(S)P(Z^ >a)= [ FiE,)dx = E [ IeJx > EIe^he, [ IeJx > FiE,nE2). 
Jb Jb Jb 

The proof is completed by noting that P(-Ei) > exp{—C{a)R'^) (see also 
Lemma [2?T]) and using [2], Theorem 3], one of the main results of [2], to obtain 
FiE!^) < C exp(-ci?27 log^ R). □ 



2 Notation and background 

In this paper we use C and c for positive real constants which depend only 
on d unless explicitly stated otherwise. We may change the values of C and 
c from line to line; C may be increased and c may be decreased. 

We let Vol stand for Lebesgue measure, am for the m-dimensional area 
measure on sets in M'^ and | ■ | for the Euclidean norm. 

Throughout the proof of the lower bounds we will make use of boxes 
and cylinders centered around the origin. Our boxes and cylinders will be 
parallel to the axes and the boxes will have equal dimensions in the X2, ■ ■ ■ ,Xd 
directions. Hence we define 

Box(L, W) := {x G I |xi| < L, \xi\ < for all 2 < z < d} 
Cyl(L, W) := {x eR'^ \ < L, xj + xj + ■ ■ ■ + x^ < W'^} 

For a cylinder U := Cyl(L, W) we will write d'U := {x G dU \ \xi\ < L}. 
That is, the boundary of U excluding the "caps" of the cylinder. 

For a vector field G : R'^ ^ R'^, let G{x)i for 1 < i < c/ be the i'th 
component of G{x). Let G{x)n be the cylindrical radial component of G{x), 
i.e., 

^ ^ {0,X2,Xs,...,Xd) 

G{x)n ■■= G{x) ■ J- 

\{0,X2,X3,...,Xd)\ 

Similarly let Xi be the i'th coordinate of x. 

Recall from [2] that F{x\A) stands for the gravitational force at x as 
exerted by the stars in a set A C R'^ and normalized to have mean 0. More 
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precisely, for a bounded set A it is defined by 



F{x\A):= J2 



z — X 



\z — x\ 



z — X 



\z — x\ 



dNo\{z) 



(2) 



and for a set A whose complement is bounded it is defined by F[x\A) : = 
F{x) — F{x\A'^\ Similarly, the gravitational potential at x from stars in A 
is defined by 

U[x\A) 



-1 



1 



d-2 



\z — X 



\d-2 



d-2 



z - x\'^-'^cNol{z) 



zeznA 

for a bounded set A, and, for dimension d > 5, hj 

U{x\A) = U{x) - UixlA"" 
for a set whose complement is bounded, where 



U{x) 



1 



lim 

d-2 T^oo 



z£ZnB{0,T) 



-1 



Z — X 



d-2 



+ 



dKa 



rp2 



2 



x\ 



(3) 



is the total gravitational potential; see [21 Section 7] {U{x) converges only 
for d > 5. For = 3,4 we define the potential difference function, see 
Section [3l3l) . 

Next, we define 51 : M'^ ^ M'' by 



(4) 



We will make use of the facts that 



\l~d 



and \Dig{z)\ < C\z\ 



(5) 



where Di stands for the first differential. The second fact is shown in [21 
Eq. (10)] and is also a corollary of Theorem 17.11 in this paper. We let 
a G (N U {0})'^ stand for a multi-index. We write |a| := Yl'i=i '■— 
YYi=i ^ ^ For any /c > 1 we let 



PolyDim(A;, rf) : = 



k + d 
d 
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and define the moment map : M<^ ^PoiyOimCfc.d) 

Pkix) := {x^a (6) 

where the index runs over all multi-indices with < |a| < k. 

Finally, for a given set D C M"^, we let Diam(Z}) := sup^ y^zD \x — y\ stand 
for the diameter of D. 

We will make use of some deviation inequalities for a Poisson random 
variable. The following lemma is standard: 

Lemma 2.1. Let X be a Poisson random variable with mean A > 0. Then: 
(z) Ift>2X then 

P(X >t)< e-^*^°s(^). 
(a) There exists a 6 > such that for all t E [0, 6X] we have 

P(|X-A| >t) <2e-*'/3A. 
(Hi) There exists c > such that if n > X is an integer then 
P(X = n)> ^exp(-(n - A)VA) 



n 

Proof. Parts (i) and (ii) are proven, for example, in [21 Lemma 4]. For part 
(iii), note that Stirling's approximation gives that for n > 1, n! < Cy/n (^) . 
Hence 

A" c 

P(X = n) = e^^— > —= exp(n - A - ?2log(n/A)). 
nl \ n 



And using the fact that log(r;,/A) = log(l + < we obtain 

N c / , nin — X)\ c f (n — Xy , „ 

P X = n > — exp U - A ^ = ^ exp — . □ 

'n \ X Jn \ X ' 



We will use a simple consequence of a version of Liouville's theorem [H 
p. 69, Lemma 1] (see also [2l Section 4]). 

Lemma 2.2. Let A G M."^ be a measurable set and let At be its image under 
the gravitational flow after t time units. Then if no point of A has reached a 
star during the evolution then we have 

Vol{At) = e'^'''''Vol{A). (7) 
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3 Deviation estimates 



3.1 Large deviation estimates 



In [2], large deviation estimates were proven for the potential, force and 
derivative of the force. More precisely, in Theorem 17 and Corollary 18, 
given oo > p > q > 0, the quantities niaXa.g^(o,iA|) \U{x\B{0,p) \ B{0,q))\, 
max^.gB(o,iA2) \F{x\B{0,p)\B{0,q))\ and max^.gB(o,iA2) \DiF{x\B{0,p)\B{0,q))\ 
were considered and large deviation estimates for the their right tail were de- 
rived. In this section we assert that these same large deviation estimates hold 
also when the potential, force or force derivative are restricted to a general 
domain instead of a difference of two balls. In this new setting, the role of q 
is played by the closest point to the origin in the domain. 

Theorem 3.1. There exist constants Ci,C2,C3 > such that for any mea- 
surable set A which is either bounded or has bounded complement, letting 
q := miUxfzA \x\ > and t > we have 



P( max 



P( max 



P 



max 



-4) 




< 


Cie 




(8) 






< 






(9) 


-4) 




< 




-C2q'^tlog{c3t) 


(10) 



where equation ([8]) holds in dimensions d > 5, and equations iQ and (11 01) 
hold for all dimensions d > 3. 

Proof. This theorem is analogous to Corollary 18 in [2j with the set A re- 
placing the set M'^ \ -8(0, q) which appeared there. To prove it, one proves an 
analogue of Theorems 16 and 17 of [2] and deduces the current theorem as 
a corollary, as is done there. The proofs of these analogues are exactly the 
same as the original proofs in |2] , with a few notational changes. Since these 
changes are minor, we omit the full proofs and merely detail the changes. 

In Theorem 16, Bp^g is replaced by B{0,p) fl A'^, Wp^g is replaced by a 
uniform random point in B{0,p) fl A'^, Np^g is replaced by the number of 
stars in B{0,p) fl A'^ and Up^g is replaced by the sum '^z,€B{op)nA'= 
theorem 17, all references to B{0,p)\B{0, q) are replaced by B{Q^p)r\A'^, and 
all references to 5(0, p) n (5(0, 2"*+^^) \5(0, 2'^q)) are replaced by 5(0, p) n 
(5(0,2'^+^g)\5(0,2™g))nA^ □ 
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3.2 Moderate deviation estimates 



In this section, moderate deviation estimates will be derived for the force 
and potential. It is possible to prove such estimates also for the derivative of 
the force but we shall not need this. 

Theorem 3.2. There exist constants Ci,C2,C3 > such that for any mea- 
surable set A which is either bounded or has bounded complement, if q := 
miUa-g^ |a;| > and t > then 



where equation ffTTl) holds in dimensions d > 5 for t < c^q^ , and equation 
f|T2|) holds in dimensions ci > 3 for t < c^q. 

Proof. We shall prove f|T2|) : the proof of ffTTj) is similar and is omitted. Define 
A^:= An {B{0, S^'+^q) \ 5(0, S'^g)) for integer m > 0. Set := 2-^"'+^H. 
Note that since a.s. F(0 | A) = J2m=o^(^ I ^m), it is enough to prove that 
for some C4 > 



since if C4^q'^'''^t'^ > 1 then equation (fT2l) follows from equation (fT3!) by a 
union bound, and if Ciq^~'^t^ < 1, then equation (fT2l) can be made true just 
by choosing the constant Ci large enough. 

Let us now prove estimate fll3p . Fix m > 0. We may assume A^ 7^ 
since otherwise there is nothing to prove. Let (^j)^i be an IID sequence of 
uniformly distributed points in Am that are independent of all other random 
variables. Let N ~ Poisson(Vol(Am)) denote the number of stars in Am and 
note that given N = n, these stars are distributed as Hence, 




(11) 



(12) 



I Am)\ > tm) < Cexp(-C4(8™g)'^-24) = 

= Cexp(-C42=''"('^-2)-2("+i)g'^-2t2) 



(13) 
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recalling the definition of g from (jlj), we have 

TV 

F(0 I Am) = Y,9{Z,)- / g{z)dz = 

i=l 

N 

= ^(?(Z,)-Vol(AjE(7(Zi) = 

i=l 
N 

= J2 iaiZd - %(^i)) + {N- Vo\{A„,))^g{Z,). 

i=l 

It follows that to prove (fT3|) . it is enough to show 

P(l - ^3{Z,))\ > y) < Cexp(-c(8-g)^-^4), (14) 

P(|(iV- Vol(A„))E^?(ZO| > y) < Cexp(-c(8™g)^-24). (15) 
We start by noting that for z G we have 

1^(^)1 < (8™g)-('^~^). (16) 
To prove f|T^ we use the Bernstein-Hoeffding inequahty [3] to obtain 

n\ E (^(^^) - ^^(^0) I > f I ^) < ceM-c ^ n - (17) 

i=l 

Now by averaging on we deduce that for any p > 

P(| E i9iZ^) - mZi)) I > ^) < Cexp(-c^^^^ ^) +P(iV > p{8-qr). 

Hence, using the assumption that t < c^q, ([H]) will be proven if we show 
that for large enough p, 

¥{N > p{S"'qY) < exp(-cp(8"^g)'^). 

This latter estimate follows immediately from Lemma [2TT] upon recalling that 
N ~ Poisson(Vol(A^)) and Vol(A„) < Ci^-^qY. 
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It remains to prove estimate fllSI) . In view of fll6p . it is enough to show 
that 

P(|(iV- Vol(A^))| > ^^^-^) < Cexp{-c{8"^qrHl). 

We divide into two cases: 

1. If > 2Vol(A^), we obtain from Lemma O that 

P(|(iV-Vol(A^))| > < > (S'"?)^''^^) ^ 



< exp(-c(8'^g)"'-H„) < exp(-c(8"g)''~'t: 
where in the last inequality we used the assumption that t < c^q. 

(-gmg-)d-l^ 



2. If '"^ < 2Vol(A^), we obtain from Lemma O 

Yol(A 



/om^Xd— Ij. / (Qm„\2d— 2-1.2 

P(|(iV- Vol(AJ)| > lOi^) <2exp -c ^' ) < 



mj 

<2exp{-c{8"^qr-Hl) 
where in the last inequality we used the fact that Vol^Am) < C{8"^qY. 

□ 

Theorem 3.3. There exist constants Ci,C2,C3 > such that for any mea- 
surable set A which is either bounded or has bounded complement, letting 
q := min^^gA > and t > we have 



P( max 
P( max 



U{x 


^) 




F{x 




>_t) 



(18) 
(19) 



where equation f ll8l) holds in dimensions d > 5 for t < c^q^ , and equation 
f in?]) holds in dimensions d> 3 for t < c^q. 

Proof. Note that we may assume q > 2 since the estimates hold trivially 
when g < 2 by the assumptions on t. We prove f|T9|) : the proof of f|T8l) is 
similar and is omitted. We wish to use Theorems 13.11 and 13 . 2[ There are two 
cases to consider; denote t] = 4/c3 where in this appearance only, C3 is the 
constant appearing in equation flTU]) . then: 
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1. li t > rj, we obtain 

P( max \F(x \ A)\ > t) < 

\reB(0,l) 

< P(|F(0 \ A)\> t/2) + P( max^^ \DiF{x \ A)\ > t/2) < 

< C exp{-cq'^-h^) + C exp{-cq'^t\og{2r]-H)) < 

< C exp{-cq'^-h^) + C expi-cq"^) < C exp{-cq'^-h^) 

where the last inequahty follows by the theorem's assumption that 
t < c^q. This proves the theorem for this case. 

2. If t < 1]-. Cover the ball -8(0, 1) by K balls of radius < r < 1 (to be 
specified later) with centers in -6(0, 1). This is possible with K < Cr~'^ 
balls. Let Xi,X2, ■ ■ ■ , xk be the centers of these balls. A union bound 
gives 

P( max \F{x I A)\ > t) < 

\re-B(0,l) 

< V (mF{xi \ A)\> t/2) + P( max \DiF(y \ A)\ > t/2r)] < 
< K fcexp(-cg'^-¥) + Cexp(-cg'^- log(^^)) 



We now choose r = rj^^t (which is indeed smaller than 1 since t < r]) 
so that K < Ct"'^ and obtain from the previous inequality and the 
assumption that t < c^q 

P( max \F{x \ A)\> t) < 

\reS(0,l) 

< Cr'^(exp(-cg'^-2t2) +exp(-cg'^log(2))) < 

< Cr^ exp{-cq'^-H'^) 

which proves the theorem for this case. □ 

In most of our uses, the set A of the previous theorem will be of the form 
B{0,p) \ -8(0, g). We now prove an extension of this theorem to "moving 
annuli" . This will be convenient in the bounds of Section HI 
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Theorem 3.4. There exist constants Ci,C2,C3,c > such that for all p > 
q > and t > we have that 



P( max 

-a;e-B(0,l) 



P( max 

,a;e-B(0,l) 



U{x I B{x,p)\B{x,q)) 



>t] <Ci(l + ^)(l + r'^)e"^^'' * 



F{x I B{x,p)\B{x,q)) >t) <Ci(l + r'^)2e 



(20) 
(21) 



where a = p if p < oo and a = q if p = oo and where equation fl20l) holds in 
dimensions d > 5 for t < c^q^ , and equation ( l2Ti) holds in dimensions (i > 3 
fort < c^q. 

Proof. We prove ( l20l) : ( 12T1) is proven similarly and its proof is omitted. First, 
we prove (!20|) in the limiting case when p = oo. Let > be a small constant 
and fix X G 5(0,r/(l A -)). Then 



U{x I \ 5(x, q)) - f/(x I M"' \ 5(0, g)) 
?7(x I 5(0, g)) - f/(a; | B{x,q)) 



d-2 ' 



where Ei = B{0, q) \ B{x, q) and E2 = B{x, q) \ B{0, q). Now, denoting by 



the number of stars in S ^0, g + 77(1 A ^) j \ i? ^0, g — r]{\ A p j , it follows 



that 



U{x\W^\B{x,q)) < f/(a; I M'^\5(0,g)) 



g2 (d-2)(g/2) 



d-2 ■ 



Since z/g is a Poisson random variable with mean < Crjq'^ ^t, by Lemma [2.11 
we obtain that for t < cq^ and small enough rj we have 



P I max 



U{x I R'^\B{x,q)) 



>t\ < 



P I max 

xeB(0,»?(lA^)) 



U{x 



\B{0,q))\>t/3^ + P(^ 



(rf-2)(g/2) 



d-2 



<C(l+t-'^)e 



+ e-'"i ' < C(l+r'^)e 



d^-cq-'-H^ 



> t/3j < 
(22) 
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We fix > so that this estimate holds. We now cover the ball 5(0, 1) with 
fewer than C(l + fj) balls of radius rjil A -) and use the above estimate for 
each such ball to obtain 

U{x I 



P I max 



\i?(x,g))|>t) <C(i + ^)(i + rV 



as required for the case p = oo. Note that we have assumed that q > 1 since 
the above estimate holds trivially if g < 1 since t < cq^. 

Finally, to prove fl20|) in the general case, note, using fl22l) twice and using 
the assumption t < cq^ < cp"^, that 



P( max 



U{x I B{x,p)\B{x,q)) 



>t]< 



P( max 

.x€B{0,l) 



U{x I R'^\B{x,q)) 



> 



< c(i + %)(! + r'^)e-^''"'*' + C{i + ^)(i + r'')e-''p""'" < 

V V 



+ P ( max 

V x&B{0,l) 

pd 



U{x I W^\B{x,p)) 



> 



<C(l + ^)(l + t-'^)e 



□ 



3.3 Large deviations for the potential difference func- 
tion 

Recall from [2] that in dimensions 3 and 4, the stationary potential function 
U does not exist and we must content ourselves with the potential difference 
function U'^^^{x,y). V^^^ exists in all dimensions d > ?> and when c? > 5 
we have U'^^^{x,y) = U{y) — U{x). In dimensions 3 and 4, recall that the 
potential difference function is defined by 

If A C M'^ is a bounded set, define 

U'''^''{x,y\A) = y (—II—-—IL—] 

zeznA,\z\-\ ^' ^' ' ' ^ 
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and if the complement of A is bounded define 



U'''^ix,y\A) = U^^\x,y) - U^'^ix,y\A). 



rdiff 



diflf/ 



We now state a slight extension of |2l Corollary 34] that will be important 
in the proof of the upper bound in the next section. We note that although 
it was stated in [2] for finite and infinite p, it was in fact proved (and used) 
there only for the case p = oo. This is also the case which we will need here. 
The range of t for this theorem extends slightly beyond what was stated in 

Theorem 3.5. In dimension d = 4, there exist constants Ci,C2,C3 > such 
that for all x,y and q > 2 satisfying \x — y\ > 3q, we have that 



P I max 

.ueB{x,l),veB{y,l) 



U^'^{u,v I M.'^\{B{u,q)UB{v,q))) 



> t 



< Cie 



for all t satisfying t > Ciq^ and t > Ciq^ log j log y^^^ 

Similarly, in dimension d = 3,there exist constants Ci, 02,03 > such 
that for all x,y E R"^, q > 2 and t > satisfying \x — y\ > 3q, o^t > q and 
t < \x — y\q we have that 



P I max 

.ueB{x,l),v&B{y,l) 



U^'S{u,v I W^\{B{u,q)yjB{v,q))) 



> t 



As written above, this theorem differs from that stated in [2] in that it 
is valid for the case p = 00 and also in that the upper restriction on t when 
d = 3 has been extended from t < \x — y\ to alH < \x — y\q. Since the proof 
given in [2] works verbatim for this extension as well, we will not repeat it 
here. 



4 Proof of the main theorem - upper bound 

In this section we prove the upper bound for Theorem II. 2[ I.e., we show 
that F{Zji > exp{-W)) < exp(-i?^''(^)+°(i)) for 7 > and the functions fa 
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given in the theorem. Note that the upper bound for the case F{Zff > i?"*^) 
follows from the other cases. Also note that the cases where fdi'y) = 1 
follow from the main theorem of p], hence we shall prove the bound only 
for the remaining cases. The proof relies on ideas from ^ but requires a 
more complicated multi-scale analysis due to the stronger fluctuations of the 
Poisson process. 

The theorem is a consequence of Theorem 14.31 below and the following two 
simple lemmas. The first lemma relates the time it takes the gravitational 
fiow to pass a certain distance and the potential change along that fiow. A 
similar lemma appeared in [3j with a more complicated proof. 

Lemma 4.1. Let T : [0,i:*] — >■ M*^ be (a segment of) a gravitational flow curve 
and let L measure the arc length along T. Then for d> 5 we have 

L{t,f < t*(f/(r(o)) - uivit,))). 

and for d = 3 or d = 4 we have for any x eM.'^ 

L{t,f < t.(f/*%,r(o)) - f/*%,r(t))). 

Proof. For (i > 5 we have 



UiVm-UiVit,)) 

This calculation works also for dimensions 3 and 4 by recalling that for any 
X e M"', WyU'^'^{x,y) = -F{y), hence 

\F\dL = w'^'^ix, r(o)) - W'^^ix, r(t,)). □ 

Our second lemma is a direct consequence of Liouville's theorem. 

Lemma 4.2. Consider the set of points in the cell of the origin taking time 
at least t to flow into the star under the gravitational flow. Let Vt he the 
volume of this set. Then for any d > 3 we have Vt = exp{—dKdt) . 
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Proof. This was proved in [21 Section 4] before equation (7) and also follows 
from Lemma 12.21 along with the fact that the cell has volume 1 . □ 

The main theorem of this section says that it is very unlikely to have a 
long curve with atypically large (positive or negative) potential throughout. 
We give separate statements for d = 3,4 and for d > 5 since the potential 
function U does not exist for d = 3,4. More precisely, let us define for 
i?, 5, p > 

Qr^s '■= 1 3 continuous path T C B{0, B?'^) of diameter at least R 
such that \U{x)\ > for all x G r|, 
^RSp '■— 1 3 continuous path T C B{0,R^'^) of diameter at least R 
such that \U{x\B{x,p))\ > R^ for all x G r|. 

Theorem 4.3. Let hd{5) = 1 + Then for any d > 5,5 > 0, R > 1 and 

< e < 2(d^2) ^here exist C{e, 6), c{e, 6) > such that 

mR,5) < C{e, 6) exp {-c{e, . 

Furthermore, for any d>3,6>0,R>l and < e < 2(d-2) ^here exist 
C{e, 5), c{e, 5) > 0, c > such that for any 1 < p < cR^^"^ we have 

m'RAp) < C{e, S) exp {-c{e, 6)R'^^^''>-^) . 

We first show how the upper bounds follow from this theorem and the 
lemmas above, and then proceed to prove Theorem 14.31 

Proof of the upper bound in Theorem M.^ We divide into two cases. 
Dimension d > 5 : Fix (i>5, 0<7<2 and let 

^ ■= {Zar > exp{-dKdR^)}. 

Let Tr be the i?-tentacles for the cell of the origin, i.e., Tr := 'ipz^i'ipziO)) \ 
B{ipz{^))R)- By Lemma 14.21 if Vt occurred then there is a x G T^r with 
Tx < R^ where Tx denotes the travel time of x to the star il)z{fi). Consider 
r : [0, Tx] — ^ M'^, r(0) = X, the gravitational flow curve of x, and define 

n := min(r | U{V{t)) < R^-^), 
T2 := min(r | U{T{t)) < -R^'^). 
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Noting that r2 — ti < < W and applying Lemma 14.11 we deduce that 
|r(r2) - r(ri)| < ^/2R. Hence since x G T^r we finally deduce that either 

|r(0)-r(ri)| >i? or \T{T2)-T{r^)\>R. 

To summarize the above discussion, let 

Vti := {The diameter of the cell containing the origin is more than R^'^} 

and note that on VL\, the cell of the origin is contained in B{0,R^'^). Then 
we have shown that 

Since by ([1]), the main theorem of [2j, we have 

< Cexp(-ci?2^1og"'^(i?)) (23) 

it remains to apply Theorem 14.31 and observe that the exponent functions 
satisfy fd{j) = /id (2 - 7). 

Dimensions 3 and 4: Fix d = 3 or d = 4 and fix 7 > satisfying 
fdil) > 1- For ?7 > let 

p,:=R^'~''yHog-'/'-\R), 
P4 := r]i?('-^)/^ 

Define an event 

^2 := {3a; G B{0, R^'^) such that G 5(0, i?^^) with 6R < \x - y\ < 7R 
we have \U{y\B{y, p,))\ > R''^}- 

We note that if R > C then ^2 C ^'^2--^ p^- ■'■^ particular, if 77 < c then by 
Theorem 14.31 we have for e < , 

n^2) < C{e, 7) exp (-c(£, 7)i?'^'*(^-^)-^) . (24) 
Define also the event 

^3 := {3x, y G 5(0, R^'^) with 2R<\x-y\< IIR such that 
\U'''\y,x\W'\{B{x,pa)yjB{y,pM > R'"^}. 
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We note that by the large deviation theorem 13.51 we have that if < 7 < 2, 
< T] < 1 and R > C{j, rj) then 

jCexp [ - c{v)R'-'nog-'-'''{R) loglog(i?)] d = 4 

^^^'^-\CeM-cR'-'^) d = 3- ^'^^ 

We fix T] so that and hold. We now proceed as in the case d > 5 
and let ^ 

^4 := {Zm > exp{--dKdR'^)}. 

Assume that QlnQ'^^Q'^nQi occurred {fli is as for the case d > 5). Let Tr be 
the i?-tentacles for the cell of the origin, i.e., Tr := ip^^ {4'z{0))\B {ip zi^) , R). 
By Lemma 14. 2[ since occurred there IS cL ^ G T4R with < ^R^ where 
denotes the travel time of x to the star ipz{0)- Since ^2 occurred there 
exists y e B{0, R^'^) with QR<\x -y\<lR and 

\U{y\B{y,pa))\<R^-\ (26) 

Now consider F : [0, r^.] W^, r(0) = x, the gravitational fiow curve of 
x, and define 

Ti := min(r | U'^'^ {y ,T {t)) < 3R^~^), 
T2 := min(r | U'''''{y,T{r)) < -3R^~^). 

Noting that r2 — ti < < ■^R^ and applying Lemma 14.11 we deduce that 
|r(r2) - r(ri)| < VSR. Hence since x G T4R we deduce that either 

|r(0)-r(ri)| >i? or |r(r2)-r(r,.)| >i?. (27) 

Assume the former and let t[ := min(r | |r(0) — r(r)| = R), then since fl^ 
occurred we know that for any w G r([0, r(]) we have 

\U'''''iy,w\R''\iBiw,p,) U Biy,pM < R'-\ 

Combining this with (l26l) we finally obtain for every w G r([0,r{]) that 
U{w\B{w, pd)) > -R^""^, so that in particular ^'ji^2-'y,pa occurred. Similarly if 
the second option in (l27Il occurred then we would also conclude that ^^'ij^2-7,pd 
occurred. 

Summarizing the above discussion we have shown that 

^^4 c u u u ^r,2-^,p,- 

Hence the required bound for follows from fl23l) . fl24l) . fl25|) and Theorem 14. 31 

□ 
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The probability of a long curve with atypical potential 

We now prove Theorem 14.31 Let Q{x, L) = x + [—L, denote the cube 
centered at x with side lengths 2L. Fix 6 > and consider the event 

Er^s := {3 a continuous path T from dQ{0, R) to dQ{0, 2R) 
such that |f/(a;)| > R^ for every x G F.} 

Also let 

^R5,p ■~ {3 ^ continuous path F from dQ{0, R) to dQ{0, 2R) 
such that \U{x\B{x, p))\ > R^ for every x G F.} 

We will prove 

Theorem 4.4. Suppose d > 5 and 6 > 0, and let Er^s be defined as above. 
Then for any < a < 2(d-2) ' ^^^^^ exist C{5, a), c(5, a) > such that for all 
R>0, 

HEr^s) < C(5,a)exp(-c(5,a)i?^+^-"). 

Moreover, for d = 3 or A, we have that for any 5 > and any < a < 2(d-2) 
there exist C{S, a), c{S, a),c> such that for all R > and 1 < p < cR^^'^ , 
we have 

PiE'RA,) < C(5,a)exp(-c(5,a)i?^+^-"). 

It is straightforward to see by covering 5(0,/?^'^) by R'^ boxes Q(0,ci?) 
that VLr^^ is contained in i?"-^ translates of E^r^^ and that VL'j^ 5 p is contained in 
R^ translates of -Ecij5p- Hence Theorem 14.31 follows from the above theorem. 

Proof. In the following, C and c will stand for generic positive con- 
stants, which may depend on d, 5, and a (where applicable), and nothing 
else. We will use C for constants whose values can be increased, and c for 
constants whose values can be decreased, without altering the conclusions. 
For instance, "assume R > C" means "assume R is bigger than a constant 
depending only on d, S, and a" , an assumption that will be implicit in some 
of our inequalities. 

We know the following from [21 Theorem 19]: If c? > 5, then for any 
< q < p < 00 and any t > p^, 

f( max \U(x \ B(x,p)\B(x,q))\ > t) < Ce-^'''''*'°s(rf/'?'). (28) 
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Moreover, by the same theorem, the above bound holds for any t if p = oo. If 
(i = 3 or 4, then by Theorem 36], we have that the large deviation bound 
(|28|) holds for t > Cp^ provided that t also satisfies 

t > Cq^ log (^p) log {^^ in dimension ci = 4; (29) 

t>Cq^ {\og[^))\og(^{) and ^^^^ 
t > Cpq log (^^^ dimension d = 3. 

We have the moderate deviation estimate for d > 5 from Theorem I3.4[ 

f( max \U(x \ B(x,p)\B(x,q)) \ >t] 
VxeB(o,i) ^' / ^32^ 

< C(l + {a/{t A q^)y){l + (t A g2)-d)g-cg'*-*(M,2)2 ^ 
where a = p if p < oo and a = g if p = oo. Now, let 

r = /?-^+". 

Let A be the "square annulus" Q{0,2R)\Q{0, R). Let M be a positive real 
number, to be chosen later. Divide A into := R/Mr concentric square 
annuli of width Mr, and call them Ai, . . . , A^. (Here we assume that M is 
chosen such that is an integer. Eventually, the only other requirements on 
M will be that it is "large enough" , but smaller than i?t , so this assumption 
causes no conflict.) Formally, 

A, = Q(0, R + iMr)\Q{0, R+{i- l)Mr). 

If > 5, let 

Eo = {3xeA such that \U{x \ W\B{x,R^))\ > R^/2.} 

Let be a collection of points such that U^^sB^x, 1) ^ A. If 5 > ^j^, then 
by (l28l) we have 

P(^o) < y max \U{y \ R''\B{y, R^^))\ > R^ /2 

^ VyeB(a;,l)' 
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provided R > C. On the other hand, ii S < then by ( |3T1) we have that 
for > C, 



^Eo) < y"pf max \U{y \ R'^\B{y, R^))\ > R^ /2 
< \S\CR''e-'^''"^"\ 



Now, S can be chosen such that l^l < CR^ . Consequently, we see that in all 
situations, '\i R> C then we have 

P(^o) < Ce-'^^'^'. (32) 

Next, if ci > 5, let £i = i?^. If d = 3 or 4, let £i = p. Let ^2, • ■ • , ^/^ be 
a sequence of numbers such that _R"/^ < < for j = 1, . . . , — 1, 

with £x = ''^ = -R"^"*"". Clearly, it is possible to find such ij with K being 
an integer bounded by a constant that depends only on d, 5, and a. That is, 
in our notation, K <C . For each 2 = 1, . . . , and j = 1, . . . , — 1, let 

( R^ ~i 

Ei ■= |3a; G A such that \U{x \ B{x,ij)\B{x,ej+i))\ > ^J . 

Now, choosing M > 2 and defining the slightly smaller annulus A'^ = Q{0, R+ 
iMr — r)\Q{0, R + {i — l)Mr + r) for each i = 1, . . . ,N, we consider the 
collection Ci of boxes of the grid rZ'^ which are fully contained in Aj. A 
contiguous sequence of boxes from Ci is said to cross A'^ if the union of the 
sequence contains a continuous path crossing A'^. Define 

:= {3 a contiguous sequence of boxes from Ci crossing A[ 

such that max \U{x \ B{x,r))\ for each box B exceeds i?'^/4}. 

Now, since a < and R> C, max^-g^ \U{x \ B{x,r))\ > R^/A can happen 
only if i? + -8(0, r) contains a star, the probability of which is < Cr*^. Note 
that in any self-avoiding chain of L boxes, there are at least cL boxes B such 
that B + B{0, r) are mutually disjoint. However, L has to be at least M — 2 in 
any crossing. Also note that there are at most {R/r)'^~^C^ chains of length 
L that cross A[. Combining all these observations, we see that if M > C and 
R> C, we have 

P(Ef ) < (R/r)'^ J2 '^^^"^^ 

L>M-2 (33) 
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(Note that we are using, somewhat subtly, the fact that r < R ^ since 
a < -^■) Now, with the above definitions, we clearly have that for d > 5, 

En^,<ZE^\^\r\\}El\. (34) 

\=\ j=i / 

For d = 3 and 4, we have 

N K 

i=ij=i 

We already have the bound (!32|) for P(-E'o)- Let us now bound the probability 
of the other term. First, note that 

N K / N 



(i\ IS. \ y 1\ 

nu«/ =p u n^^ 
i=lj=l ^ ^J:{l,...,N}^{l,...,K}i=l 

N (36) 

\i,...,N}^n,-,K} \=i ^ 



< 

J:{l,...,N}^{l,...,K} 

(the union and sum are over all functions J : {1, . . . , A^} {1, . . . , K}). Let 
us now get some bounds for P(^/). We already have a bound ([MD for P(Sf ), 
so let us consider j < K — 1. Suppose Cij < R^/"^. Then for > 5, by the 
large deviation bound (|28|) (and the same technique as in bounding P(£^o))j 
we have 

P(E/) <C(i?/r)'^e-<i^*'°s^ 

<C(i?/r)V^^^-^^^"^""^'"''"''°si^ 

<C(i?/r)'^e-^^^-^"^^"''"'^°^^. 

Again, if Clj > R^l^ and > 5, we have R^ Ai'^j^^ > R^A{fjR-^'') > cR^-^'', 
and therefore we can use (13T|) to get 

S{d-1) . 
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Since a < 5/4, we have 

^ -da> h aid - 4), 

2 d-2 ^ 

and therefore we can combine the last two relations to conclude that when 
d > 5, for any 1 < j < K ~ 1 and any i (and R> C), 

bmce ij > /?ti?"^+", if R>C this reduces to 

P(E/) < Ce-^^^^'^' (37) 

Next, let us consider d = 3, 4. Since cR^ > > (where in this place only, 
we may take c depending only on d), we can still apply the large deviation 
bound ( |28l) for bounding F{E^), provided that ( |30l) holds when d = 3 and 
(129|) holds when d = 4, with t = , p = and g = ^j+i- It is easy to 

see that this happens when R > C, since ij+i < ijR-'^/^ and a > 0. Thus, 
for R> C, we have that for ci = 3, 4, 

P(E/) < C(i?/r)'^e-<^'^''°s^ 

<C(i?/r)V^^^+^^^"^""^''"'"'i°^« 

<C(i?/r)'^e-^^^^"^^"''"*^°^^. 

Thus, ( 137|) holds for d = 3,4 as well. 

Now fix a map J : {!,..., N} — > {1, . . . , i^}. We adopt the following 
procedure for choosing S C {1, . . . , A^} such that the events {E^^^^)i^s are 
mutually independent. First, order the indices 1, . . . , as Wi, . . . ,wn such 
that > ij(w2) > • • • > ^J{wn)- Begin constructing S by putting Wi in 

S. Suppose we have inspected Wi, . . . , Put Wi in S according to the 

following rule. If the annulus Ayj. +5(0, C.j(wi)) intersects the union of annuli 
Ayj.+B{Q, ^j{wj)) for Wj that have already been included in 5", then leave i out, 
otherwise add it to S. Then by construction, the annuh {Aj + _B(0, £j(i))}ig5 
are disjoint. Since the event El depends only on the stars in the annulus 
Ai + 5(0, £j), the events {E^''^^)i^s are independent. In particular, 

p('f|E/«') < F(f]Ef'''A = J]P(e/«). (38) 
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Now, the annulus Ai + _B(0,£j(j)) has "width" 2£j(j) + Mr (that is, it is 
contained in Ai + Q{0, Our construction of S guarantees that for each 

i ^ S, Ai + _B(0,£j(i)) intersects Aj + 5(0, i'jQ)) for some j E S such that 
^j(j) > Since the annuh are concentric, it follows that 

Ai + B{0, ij^,)) C A, + 5(0, 3£j(,) + Mr). 

Thus, the union of the annuli {A^ + B{0, 3£j(j) + Mr)}i^s covers the "square 
annulus" Q{0,2R)\Q{0, R). Now observe that ix = r and if i?"/^ > 
have £j > Mr for all j < K. Thus, defining S' = {i E S : J{i) < K} and 
S" = S\S', we get that when i?"/^ > M > C, 

i? < $^(3^jw + Mr) < 4^£j(,) + 4\S"\Mr. 

Thus, at least one of the two terms in the rightmost sum has to be > -R/2. 
First, suppose 4|S"'|Mr > R/2. Then, from the bound (1551) . we have 

i65" 

On the other hand, if 

then by fl37j) we have that for R> C, 

ies' (40) 
From ([3S]), dMD, dSni) and (UnD, we see that if ci > 3 and i?"/^ > m > C then 

\=lj=l / J:{l,..,Ar}^{l,...,_ft:} \=l ^ 



^1+ 

< e 



4 



(CM-i-clog R}R"^'^~ 



The proof is finished by combining the above bound with fl32!) . flM|) and 
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5 Expectation of the force in an empty box 

Recall from Section [2] the notations G{x)i and Xj. We prove 

Proposition 5.1. Let d > 2, L,W > and V := Box(L, W). Let 

Vt := {V contains no stars}. 

Finally let G{x) := E(F(x)|r2). Then there exist C, c > independent of L 
and W such that 

(i) On the event Vt, F{x\V) is non-random and equals G. 

(ii) \G{x)i\ < CL-^'^-^'^W'^-^ when |xi| < f. 

(Hi) For X & V and 2 < i < d, 

d-i\ 

when Xi > 0, 
when Xj < 0. 

"~ '\ \W + L J j 
Proof. Recalling that 

F{x) = F{x\V) + F{x\V'), 

that F(x|V^'^) is independent of Q, and that the force is always normalized to 
have mean 0, we obtain G{x) = 'K{F{x\V)\Q). But by its definition, on the 
event Q 

F{x\V) = - / T^^.dz (41) 

which is non-random. This proves part (i). 

Now fix X with < -j. Note that when evaluating the first coordinate 
of formula (14T|) we may "cancel out" corresponding parts of the box to the 
left of X and to its right. More precisely, on the event f2, if we assume without 
loss of generality that xi > then 
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where := {z \ — L < zi < 2xi — L, \zi\ < 1^ for all 2 < i < d}. Hence, 
since < 

\F{x\VW < ( ^) ^o\{V^) < ( ^) LW^'^ = CL-^'^-^^W'^-\ 
proving part (ii). 

We now prove the first part of (iii) , the second part follows by symmetry. 
Fix 2 <i < d and x with Xi > 0. Similarly to part (ii), 

Jyt \Z — X 

where 

1/; := {z\-L<zi< L, -W <Zi< 2xi-W, \zj\ <WioY2<j<d,]^ i}. 
Let also 

{z\-L<zi< L, -W <Zi< Xi-W, \zj\ < W hi 2 < j < d, j i} 

and note that C V^. Consider the vertical shce {z \ zi — a} HV^. On this 
slice we have 

Xi-Zi , W _ W 



> > 



\Z — X\ 



Hence by integrating over and estimating the volume of such a slice, we 
obtain 

W 

■L {{xi - ay + 4{d - l)W^f^ 

yxiW^-^ I ^- :n^da> 

J-L {{xi - ay + 4{d - l)W^f^ 

yxiW^-^ I ^- TP^da> 

Jo (4(rf-l)W^2 + a2)'i/2 

>xM^-^ I ; ^ da^ 

{2^d^W + aY 
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6 Chebyshev-type cubatures 



In the construction of our lower bounds, we will need quantitative theorems 
estimating how well can the Poisson process approximate a given continuous 
distribution. The sense of the approximation we will need is that the empiri- 
cal measure formed by the points of the Poisson process (in some region) has 
the same (or almost the same) first moments as the continuous distribution 
(in that region). Such an approximation is called a Chebyshev-type cubature, 
see [5] for more information. Specifically, we will need the following: 

1. In Section Owe will need the fact that when putting many independent 
uniform points in a cube, the set of configurations forming a Chebyshev- 
type cubature (with respect to uniform measure on the cube) has posi- 
tive density, and that in particular, we can lower bound the probability 
to obtain an approximate Chebyshev-type cubature in this way. 

2. In Section [9^ we will need a "local" Chebyshev-type cubature formula 
for a certain measure on the surface of a cylinder. The "local" part 
refers to the fact that we will actually need to partition the cylinder into 
patches of small diameter and equal volume, and on each patch con- 
struct a Chebyshev-type cubature formula (for the measure restricted 
to that patch) such that the number of points in each of these formulas 
is uniformly bounded. 

The theorems we need are proven in [5j and we cite them below. Recall that 
Pj} and PolyDim(fc, d) were defined in Section [2J 

Theorem 6.1. Fix k > 1 and let {Xi)'^^ be an IID sequence of RV's uniform 
on [-1, 1]'^. Let Mi := P^iXi) and 5„ := ^ T^tii^i - EMi). Then there 
exists Nq = NQ{k, d) > 0, a = a{k, d) > and t = t{k, d) > such that for 
all n > Nq, Sn is absolutely continuous with respect to Lebesgue measure in 
]^PoiyDim{fc,c() ^^^^ dcnsity fn{x) satisfics fn{x) > a for \x\ < t. 

To state our theorem for the cylinder we make a few more definitions. 
Given L,W > and a dimension c? > 1, let 

PL^W={xeR'^ I |xi| <L,xl + --- + xl = W^}. 

so that Pl,w is the curved part of the boundary of a length L cylinder 
of radius W. Let i'l,w be the measure supported on Pl,w and absolutely 
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continuous with respect to cr^-i with density V{xi, . . . ,Xd) = v{xi) = 1 + 
I.e., the density increases hnearly from 1 to 2 as Xi increases from —L 
to L. Define for d,k > 1 and 6 > 0, 

f ke 5 
mo{d,k,5) := Smallest integer m > 1 satisfying I j < 



m+1 J - 2d2^ ' 

(42) 

Theorem 6.2. For each d > 3 there exists C > such that for each k > 1, 
L>C,W>0,0<T<W and < 6 < we have measurable subsets 
Di, . . . , Dk C P2l,w satisfying the following properties: 

(I) i^2L,w{Di nDj) = Q for each i ^ j and U2l,w {Pl,w \ (u^iA)) = 0. 

(II) Diam{Di) < Ct, V2L,w{Di) = r'^"^ for all i and K < CLW'^-^t-^'^-'^I 

(III) Forn = nf~^ where ni can be any integer satisfying ni > (7»"()(d-2,fc,5/VK*) 
and for each 1 < i < K , there exist (wDi,j)"=i ^ such that 



lA., . 1 



-^h{wD,,j) TTTT / h{w)diy2L,wH 

n ^ ^2L,w[.J^i) 



< 6 



for all h : M.'^ ^ M. of the form h{w) = {w — y)" for y G P2l,w '^''^d a 
multi-index a with \a\ < k. 

7 The Taylor expansion of the force 

In this section we consider the function g introduced in (j4]) and develop it in 
a Taylor series around a fixed y 0. For each multi-index a e (N U {0})*^ 
let G denote the Taylor coefficient of g around y. 

Theorem 7.1. There exists C20 > such that 

1. For each multi-index a we have 

I 1^ C'^o /2rfV"l 
\aJ < , , , , — r . 



y\'^ ^ \\y\J 
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2. For any integer k > 1 and any z with \z — y\ < ^|?/| we have 



\a\<k 



< 



C^ok" (2d\z-y\ 



\y 



d-l 



\y\ 



fc+i 



Proof. Recall that g{z) — ^^22)^/2 - -^^^ ^^'^ ^^^^ the proof, we will 
consider z and y as vectors in C^. Note that g{z) is analytic around y with 
domain of analyticity containing the poly-disc := {z E \ \zj —yj\ < ^} 
(in the sense that each coordinate of it is such a function). We will use the 
Cauchy estimates to estimate tta' 



9{z) Yi^.^^dzj 



< 



< —max\g{z)\ < ^ 



2d J 



\y\J \y 



d-l' 



It follows that for any z satisfying l-z — y| < ^ we have 



\a\<k 



|a|>fe 



\y\ 



y^' < 



|a|>fc 



\y 



00 



- \y\d-l ^ 
1*^' l=k+l 



(/+ir(^fc^V< 



< 



C2k'^ [2d\z-y\ 



k+l 



Where the last inequality follows since d\z — y\ < so the sum is dominated 
by a geometric series. The theorem follows with C20 — max(Ci, C2, d3^). □ 

The following "deterministic" proposition which is a corollary of the pre- 
vious theorem is what we shall be using in the following sections. 
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Proposition 7.2. Let U be bounded measurable and let Yi, be 

d-dimensional random vectors with ¥{Yi G f/) = 1 for all i. Fix y (z U and 
consider the event 



y,r,t 



max 

{x I \x-y\>r} 



< t 



Let p := sup. 



ef/ 



■y\, fix an integer k > and let Mj := P^iXj — y)- There 



exists C30 > such that if we let C20 he the constant from Theorem \7.1 and 
if we assume that 



r > C20P, 



t > 



SCionk'^ f2dp 



fc+1 



(43) 

(44) 



then Ey^r,t ^ ^y,r,t where 



y,r,t 



< 



d-l 



PolyDim(fc,ci)V2 \2d + r 



Proof. Assume (H3l) . (H4l) and that ^y^r,t occurred and fix x G M'^ with \x — 
y\ > r. By translating the set U if necessary we assume without loss of 
generality that x = 0. Note that this implies that \y\ > r. We develop the 
function g{z) in a Taylor series around y. Taking z E U and noting that 
\y\ > r > C20P > C2o\z — y\ we obtain by Theorem 17. II that 



\a\<k 



< 



C2ok'^ f2dp 



fc+1 



< 



t 

3n 



Hence 



j=l i=l \a\<k 

For I a I < we have by Theorem 17.11 that 



< 



(45) 



\aa\ < 



C20 f 2d\ ' ' C20 f 2d 



rd-l 



r / 



- + 1 
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Using the Cauchy-Schwartz inequality and ^y,r,t, this imphes that as long as 
C30 < 3^ we have 



i=i |Q|<fc i=i |Q|<fc 



< 



0<|a|<fc j=l 



Finally, using fH5|) again and the triangle inequality 

n n 

EE^(>;)-EEE«-(^^-2/r 

Putting (US]), (US]) and ^ together we get 



t 

< -. 

3 



(46) 



(47) 



E^(^^)-^E^(^^) 

i=i j=i 



< t 



as required. 



□ 



8 Small ball estimate for the "cosmic back- 
ground noise" 

In this section we take a box Vq which is very long on one side and short on 
the other sides. We take V+ to be a "concentric" cube which is very long on 
all dimensions. We consider the force in the small box Vq from the stars in 
V+ \ 2Vo, and we prove a lower bound for the probability that this force is 
extremely close to its expectation. More precisely, throughout this section 
we fix < £ < Let := f^], ■= and define 

Vo := Box(2PS 2^P'), 
V+ := Box(2Pi+\ 2Pi+^). 



We note that 



R <2P' < 2R, 

< 2^2 < 2R'. ^ ' 
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The idea is that 2^^ is approximately R and 2^^ jg approximately i?*^, but for 
technical reasons we need these dimensions to be integer powers of 2. We 
shall prove: 

Theorem 8.1. There exists C{e) such that for R> C{e), 

P(max|F(a; | V+\2Vo)\ < ^) > exp(-C(£)i?^+('^~2)" logi?). 
xeVb R'^ 

We remark that the fact that the bound on \F{x \ V+ \ 2Vo)| given by the 
theorem is is not essential for proving the theorem; putting a higher power 
of there would only affect the constants in the probabilistic estimate. 

Sketch of proof: The proof works by dividing V+ \ 2Vb into CR^^^'^~'^^^ 
cubes with the diameter of each cube a little smaller than its distance from 
Vq. We then rely on Theorem 16.11 (where most of the work is) to say that for 
each cube, with probability at least R~'" , the stars in the cube approximate 
Lebesgue measure in the cube in the sense that if {zi) are these stars then 
has its first multi-moments very close to those of the Lebesgue measure. 
By considering the Taylor expansion of the force (Section [7]) and using the 
diameter condition we observe that such an approximation suffices to control 
the force in Vq. 

For the rest of the proof we fix a constant A = A{e) > 0, large enough as 
needed for the proof of Proposition 18.31 below. For a point ?/ G M'^ we denote 
d{y, Vq) := maxajgy^ \x — y\. We start with a definition. 

Definition 8.1. We call a cube B = y + [—a/2, a/2]'^ C M'^ dominated by 

Vq if the side length a of B is an integer and satisfies A < a < 2^^'^d{y, Vq). 

Note that from the definition, if B is dominated by Vq then its center y 
has to satisfy d{y, Vq) > A2p\ 

Theorem 18.11 will follow from the following two propositions. 

Proposition 8.2. There exists C{e) such that for R > C{e), the set V+\2Vo 
may be partitioned into n < 2^^R^~^^'^~'^^^ cubes {Bi)^^^ which are dominated 
by Vq (the cubes are disjoint except for their boundaries). 

Proposition 8.3. There exists C{6) > such that for R > C{e) and any 
cube i? C V"+, dominated by Vq, 

P ( max|F(x I B)\ < > R'^^'\ 
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We first show how the theorem follows from these two propositions, then 
we prove Proposition 18.21 and finally Proposition 18.31 

Proof of Theorem \8.1[ We use Proposition 18.21 to obtain the cubes (-Bi)"=i 
which partition \ 2Vo. We have (except on the negligible event where the 
boundary of some Bi contains a star) 

n 

F{x\V+\2Vo) = Y,H^\B^). 
1=1 

Define for each 1 < i < n the event 

|„,a.|f(x|B.)|<^}. 

Since the boxes are dominated by Vq, Proposition 18.31 gives that so long as 
R> C{e), for each i 

Define E := {max^gy^, \F{x \ V+ \ 2Vq)\ < ^)} and note that E D n^^^^i if 
R is large enough since n < 23'='i?i+('='-2)e ^ ^ __L__ Noting further that 
the events Ei are independent since they depend only on the points of the 
Poisson process in disjoint boxes, we deduce 

F{E) > R-^('> > exp{-C{e)2^'^R^+^'^-^^'\ogR) 

as required. □ 

8.1 Proof of Proposition 18.21 

For this proof, we shall consider Z'^ as a grid of cubes of side length 1, and 
aZ"^ as the stretched grid with side length a. The cubes (-Bi)"=i which we 
shall exhibit will be a subset of the cubes of OjZ'^ for various values of a,. 
Indeed, let us fix a sequence of scales 

s. := 22P2+i for 1 < i < pi - 2p2 + 1. 

and a sequence of side lengths 

^. ._ 2P2+i-i for 1 < i < j9i - 2p2 + 1. 
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Consider the boxes Vi := Box(2Pi+^, s,), note that Vi = 2Vq and V^^_.2p2+i = 
V+. For 1 < i < pi — 2p2 let Cj be the subset of cubes ajZ"^ which are 
fully contained in Vi+i \ Vi. Finally, the set of cubes [Bj)'^^^ is the union 
of all the Ci. It is straightforward to see that the {Bj)^^^ partition the set 
V"+\2Vo (except that their boundaries may overlap). It remains to check that 
the cubes are dominated by Vq and to check the estimate on n. To check 
the former we note that the cubes have their sides parallel to the axes by 
construction and that their side lengths are integers larger than A once 
R is large enough (as a function of e). In addition, note that for any point 
y G Vi+i \ Vi we have (i(|/, Vb) > Si — 2^^^ > ^. Hence, in particular, the 
center y of each cube Bi in Cj satisfies this, from whence it follows that the 
side length Oj of the cube satisfies = 2~'P'^~^Si < 2~P^d{y, Vq), proving that 
the cube is dominated by Vq. To check the estimate on n we note that by 

m 

Hence n = EflT^^' l^il < i?2('^- 2)^2+2^+1 < 2^'ij^^+{d~2)e required. 



8.2 Proof of Proposition [8731 

Let i? be a cube which is dominated by Vq. Let y be the center point of B, 
let a be the side length of B and let f := a*^ be the volume of B. Let N be 
the number of stars in B and define the event (recalling that v is an integer) 

:= {N = v}. 

Then by Lemma 12.11 and the assumption that B O V+, 

We condition on the event Qi and let Yi, . . . , F^, be the stars in B in uniform 
random order (so that {Yi)^^^ are distributed as IID uniform vectors in B). 
Recalling the definition of g from (jl]), we note that for any x G M'^, on the 
event fii we have 

V V V 

F{x \B) = J2 9{Yi - x) - vEg{Y, - x) = J29{Y^ - x) -EJ^ 9{Yi - 

i=l 1=1 i=l 
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Hence denoting r := d{y, Vq), t := -^i^ and 



E :-- 



max 

{x I \x-y\>r} 



X] 



1=1 



i=l 



< t 



we see that to prove the proposition it will be enough to show that for large 
enough R ( function of e) 



(50) 



since by fj49l) the price of conditioning on Qi is also at most a bounded 
negative power of R. We shall use Proposition 17.21 with U = B,n = v 
and k = [MH"! to prove this estimate. The proposition implies that under 



conditions 



we have 



(51) 



where 



no :-- 



j=l j=l 



< 



d~l 



PolyDim(A;,rf)i/2 \2d + r ^ 

and Mj := PkiXj — y)- Let us first check the conditions. Note that 

r = d{y, Vq) > a2P^ > R'a 



by the fact that B is dominated by Vq, so condition fH5]) certainly holds if 
R is large enough (as a function of e). To check condition (jUj) we need to 
verify that 



1 ^ 3C2onk'^ {2dp 



Jld+2 



r 



d-l 



r 



k+l 



(52) 



where p = sup^g^ \z-y\ = ca. Noting that ^ < CR~^, that r > ^42^2 > AR'^ 
by the fact that B is dominated by Vq and that since -B C V+ we have 
n = V < CR'^ we see that (152|) holds if R is large enough (as a function of e) 
by our choice of k. 

We deduce from ( !50|) and (ISTl) that the proposition will be proved by 
showing that for large enough R ( function of e) 



P(fi2 I ^^l) > R'^^''^. 



(53) 
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Define the affine transformation T that transforms the cube B into the cube 
[-1, 1]'^. Note that T{Yi), . . . ,T(F^) are uniform on [-1, 1]'^. Define Mj : = 
P^{T{Yj)). Noting that for each a we have (Y,- — y)" = al"lT(Y^)", we deduce 
that for each < |a| < 

\{Yj - vY - EiYj - yY\ = a\"\\T{Yj)" - ET{Yj)''\ < a''\T{Yj)" - ET{Yj)''\ 
since a > A and we may take A> 1. It follows that 



i=i i=i 



Hence f l53p will follow from 



I Qi) > 



where 



3=1 j=l 



< 



csotr 



d-l 



PolyDim(A;,rf)V2 \{2d + r)a 
Note that for R large enough as a function of e, 



d-i 



PolyDim(A;,c/)V2 y(^2d + r) 



(54) 



where C{e) > 0. Hence, estimate (15^ follows from Theorem 16.11 so long as 
V > Nolkjd). Recalling that v = a'^ > A"^ hy the fact that B is dominated 
by Vq, we see this happens so long as A is chosen large enough as a function 
of e. 



9 Proof of the main theorem - lower bound 

Consider the cell of the allocation containing the origin, and let Z/j be the 
volume of this cell remaining after the intersection of it with a ball of radius 
R around the star was removed. In a formula, 

Zn := Vol(^^i(^2(0)) \ 5(^^(0), R)). 
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We aim to give a lower bound for > exp(— i?"^)) for various values of 7. 

We will do this by explicitly constructing an event on which > exp(— i?''') 
and estimating the probability of our construction. Recall from Section [2] the 
definitions of F{x)n and d' . The main proposition we shall need (a 

version of which was also implicitly used in [1] , see also Figure [5]) is 

Proposition 9.1. Let V := Cyl(R, M) for some M > and for ^ > let 

El := {Va; G V ^R^~^ > F{x)i > C^R^-^} n { min > 0}. (55) 

x£d'V 

Then there exist C(0,c(0 > so that ifV C Box(R^'^, R^'^) and R > C(^) 
then 

j.(y ^ / r(^\m\\ > P(i^i^)-exp(-/g^'^log-^(^)i?) 

We remark that if Ef occurs then in particular V contains no stars. The 
proof is based on Liouville's theorem and also uses Fubini's theorem and the 
upper bound from [2], Th. 3]. 

Proof. Consider a "slab" of V, 

W := {x \ \xi\ < 1} n V. 

Noting that Vol(iy) > cM'^~^, we let be the event that there is a star 
whose cell intersects W in a set of volume at least ^"^^ , and in addition, 
that the cell of this star is fully contained in Box(i?°", R'^). To estimate the 
probability of E2, define 

:= {There are not more than A'^+^R^'^^ stars in Box{2R^'^, 2R^'^)}, 
Q4 := {There is no gravitational flow curve connecting 

dBox{R^'^, aBox(2i?'^ 2i?2^)}, 

^5 := {There is no gravitational flow curve connecting 

aBox(2i?2'^, 2R^'^) and dBox{4R^'^, AR^"^)}. 

We note that since V C Box{R'^'^, R^'^) we have E^ D fig n ^4 n ^5 if i? > C 
and cr is a large enough constant. By Lemma 12.11 we have ^(^3) > 1 — 
C exp {-cR^'^^) and by [2, Th. 3], one of the main results of |2], we know 
that P(fi4 n fig) > 1 - Cexp(-ci?2'>!/log^(i?)). This implies that for large 
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enough a, P(-E'2) ^ 1 ~ Cexp(— ci?^*^/ log (i?)). Fixing such a we see that 
for R> C we have 

F{eI,E^) > F{eI) - exp{-R^'^\og-^ R). 

Now let i?3 be the event that there is a star z whose cell is completely 
contained in Box(i?'^, R'^), such that the volume of its cell minus B{z, r^^R) 
is larger than ^ e~'^^~' . We will show that for r > C(.^), 

El D El n E-^. 

Indeed, assume that Ei and E2 have both occurred. Let A C be a 
measurable set of volume at least M'^^^R^^ which is allocated to a star z 
whose cell is fully contained in Box(i?°", R'^). Let A*' be the backward flow of 
A for t time units through the gravitational flow, i.e., A* consists of all points 
from which if you flow along the gravitational flow curve for t time units, you 
end up in A. Recall that by Lemma \2.2\ the version of Liouville's theorem, 
Vol(A*) = e-'^''''*Vol(A) > M'^-^e-'^'^'^^R-''. Since the force in V satisfies the 
estimates given by E\, we deduce that if t = ci{^)R'^ for a small enough 
ci(0 > 0, then At C {-R < xi < -C2{i)R} H for a suitable C2(0 > 0. 
Since either A or At must then lie outside a ball of radius c^{^)R around z 
for some c^^C) > 0, we deduce that the event E^ for r > C(^) has occurred. 
In conclusion, fixing such a r and taking R> C we have 

¥{El) > P(Ef) - exp(-i?2'^log-^i?). 

To conclude, we use a Fubini-type argument to say that if with some 
probability, a cell not too far from the origin satisfies a certain property, 
then the cell of the origin satisfies the same property with a probability 
which is not much lower. More precisely, let E^ for x G M*^ be the event that 
the cell containing x has volume larger than exp{—TR^)R~'^ outside a ball 
of radius t~^R around its star. Let B := Box(i?'^, R'^), then by translation 
equivariance 

Vol(5)P(E°) = [ F{E2)dx = E [ lE^dx > El^r [ l^.dx > P(E^). 

Jb Jb ^ ^ J B 

Hence for R> C, 

p.pO^ > nEb-exp{-R'Hog-^R) 
for some C{^) > 0. This is the required estimate. □ 
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In the rest of the section we shall present two constructions which lower 
bound the probability of the event for different regimes of d and 7. The 
first construction ("attracting galaxy") will give the lower bound for The- 
orem 11.21 for d = 3, < 7 < 1 and for (i = 4, | < 7 < |. The second 
construction ("wormhole") will give the lower bound for (i = 4, 0<7<| 
and for (i = 5, < 7 < 2. The constructions differ in whether the required 
estimate on F{x)i is due to the effects of "far away" stars or "nearby" stars. 

The constructions have the following in common. We fix < e < ^ and 
as in Section [Diet p, := f^], p2 := and 

Vo := Box(2P\ 2^P'), 

9.1 First lower bound construction - Attracting galaxy 

In this section we shall prove 

Theorem 9.2. For all dimensions d > 3 and < e < there exist 
C, c, C{e) > such that for all R > C{e) and < < ^ 

¥{Zr > ex^{-CW)/R^) > cexp(-Ci?^+2e(d-i) _ qR'^-^^). 

In addition to the common parts of the constructions, we define two more 
sets (see also Figure [3]) 

V^:=Cj\{R, M), 

U := Cy\{R, T]R) + 10i?ei, 

where ei is a unit vector in the first coordinate direction, M is a very large 
constant chosen in Corollary 19.41 below, and 0.5 < rj = ri{R) < 1 is some 
number chosen so that Vo\{U) is an integer (we assume R is large). To 
ensure that V_ Vq, with some margin, we always assume below that R is 
large enough so that 

R^' > 2M. (56) 

We define two events 

Qi := {2Vo contains no stars}, 

^2 •= contains exactly Vol(t/) + k stars}. 
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where A; > is an integer. Note that 

P(^]l) = exp(-Vol(2\/o)) > exp{-CR^+^'^'^-^^). 
and by Lemma 12.11 



(57) 



(58) 



We divide the force into four parts 
F{x) = F{x I 2Vo) + F{x I V+ \ 2Vo) + F{x \ R'^ \ {V+ U U)) + F{x \ U) . 

We state a proposition we shall use when proving Theorem 19.21 

Proposition 9.3. For < e < -j^, there exist Cio,Cu,C,c,C{e),c{e) > 
such that if R> C{6), M > 1 and relation fl5B]) holds, then: 

1. On the event we have deterministically that 

C 



yxev. |F^(x)i|<^,_,/,, 

Vx G F\x)n > cM. 



3. 



P(maxmx)|<^^(A_L^] > 



4. For all integer k such that Cn \og^^'^{R)R'^/^ <k < M'^R'^ 



P 



max \F\xU < C 



^2 



> C. 
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We first show how this proposition is used and then we present its proof. 

Corollary 9.4. We may choose ^,C,c > 0, the constant M from the def- 
inition of ( independently of R and e ) and C{e) > such that for all 
< 7 < letting 

El := {Vx G V- pR^~^ > F{x)i > p-^R^-^'} n { min F{x)n > 0}, 

we have for R> C{e) that 

¥{eI) > cexp(-Ci?^+2^('^-^) - CR'^-^^). (59) 

Proof. Choose k = ^M^^[R'^^'^ \ (M will be chosen shortly below). Note 
that fli and fig are independent. By (IFH) and (1551) we have 

P(ni,fi^) > _=^exp(-Ci?^+2^(^-i) -C-^) > 
^ ' VWTk R''' - (60) 

> cexp(-Ci?^+2.(d-i) _ ci?'^-27) 

for R>C. Note that if we let J^i := (t{F^ J^2 ■= ct{F^),T3 := a{F^) 
and JF4 := o"(F^, Q^) where a{-) denotes the cr-field generated by a family of 
events and/or random variables, then J^i, T^-, .^3, and J-4 are independent 
(T-fields. Hence, by Proposition 19.31 (combining all 4 parts) we see that we 
may choose M large enough and then ^ large enough as a function of M such 
that if i? > C{e) then 

^{E\ I fii,fi^) > c(£)exp(-C(£)i?^+"('^~2)iQg^)^ 

Fixing ^ and M for which this estimate holds, we conclude using fl60|) that 
for R>C{e) 

^{E\) > cexp{-CR'+^'^'^-'^ - CR'^-^^) 
as required. □ 

Theorem 19.21 follows from this Corollary by a straightforward application 
of Proposition 19.11 taking V_ as V. We conclude the first construction by 
proving Proposition 19. 3[ 

Proof of Proposition \9.3[ We prove the four statements in the proposition: 
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1. Using Proposition 15 . 1 1 we see that on the event Qi, F^{x) can be written 
as F^{x) = E(F(x) | Qi) and satisfies that for each x G Vt, 

Noting additionally that F^(x)„ = ■^\J2i=2^iF^i^)i^ follows from 
Proposition 15.11 that on the event fii, for each x E (9V1, 



i=2 \ 



2. This follows from Theorem 18.11 since C Vq by fl56p . 

3. Let A := M'^y (V+Uf/). By our assumption (13^ on the relation between 
M and R, we have d{V-,A) > cR. Hence for each x E V- and each 
D > 1, we have by the moderate deviation Theorem 13.31 that 

for R > C. Since V- may be covered by less than CM'^~^R balls of 
radius 1, we obtain by a union bound 

P { max \F{x \ A)\ > ^^f^) < CM'~^R^'^^~'^^\ 

Hence we may choose D to be a large enough constant so that this 
latter probability is less than ^ (using again the relation (|56l)). This 
proves the claim. 

4. Let ^2 := {U contains exactly Vol(f/) stars} (recall that Vol{U) is an 
integer). Note that by Lemma [2.11 

Let Zi, . . . Zfc be IID random uniform points in U independent of the 
Poisson point process (and in particular, independent of F^) . Define 



F\x) := J2 



i=i ^ 



X 
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Then we have the following equality in distribution: conditioned 
on Q2 is equal in distribution to conditioned on fig plus F^. This 
follows directly from the definition ([2]) of the force F. Let us define 



:= < maxlFVx)! < 



We will show that for large enough A > 1 (independent of fc): 

mt) >i-^„ (62) 

P(fi^''=) = 1, (63) 
P(fi^''=) > 1 - CM'^-^Rexpi-cR'^-''). (64) 

Fixing such A, we claim that the estimate we want to prove follows 
from these claims. To see this, first note that by ( I6TII and (l62l) . we 



have P(fi^, fi'2) > ^ for > C. Hence P(fi^ | fi'2) > | for such R. 
Now use the equality in distribution asserted above and the assumption 



that Ciilog^/2(^i?)i?'^/2 <:k<R'^to estimate 



max |F*(a;)„| < ^ Ifig 

x&d'V- 



> 



>P(fi^ I ^'2)^(^7'",^^'") >c 



for > C(v4) and Cn > 2v42. It remains to prove (1621). fl63|) and fl6^ 
Estimate fl62|) follows directly from the moderate deviation Theorem l3.3l 
by covering V_ by less than i?*" balls of radius 1. To see flB5]) . fix a; e 
and note that for 2; e t/ we have |z — x| < CR and Zi — Xi > cR. Hence 



1=1 



1 ■ 
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Similarly since |z — x| > cR and zi — xi < CR for z G f/, we obtain 
F'ix)^ < 

Finally, we prove (IMI) . We start by estimating EF^(x)„ for x G d'V^. 
Note that by rotational symmetry it is enough to do so for such x with 
X2 = M and X3 = • ■ ■ = = 0. Fix such an a;, and observe that by 
considering the cancellation in the integrand we have 

Vol(f/) Ju\{Umuu',,) \z-x\'^ 

where Um := {z E U \z2 > M} and f/^j is the reflection of Um in the 
{z2 = M} hyperplane (see Figure [6]). 




Figure 6: Um and U'j^j. 



Observe that Um^U'^^.j is contained in U and contains a translated copy 
of Cyl(i?, r]R — M). From this and the assumption that k < M~^R'^, 
we obtain 



\EF'ix)J < 



Ck 



< 



Vol{U)R^ 

CkR'^-^M CkM 



Vol(f/)i?^- 



jYo\{U\{Um^U'm)) < 

< c. 



(65) 



< 



R'^ 



We use Bernstein-Hoeffding's inequality ^ to bound the deviation from 
the expectation. Using again that for 2; G f/ we have 



\z-xf 



< 



C 
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we deduce that 

F{\F\x)-EF\x)\ >t)< Cexp ( -^^-^^ j < C exp{-ct^R''-^). 

Combining this with (!65l) we see that 

P(|F^(x)| > p) < Cexp{-cp^R'^-^) 

for large enough p. Fix such a p. Now use estimate ([5]) to deduce that 
for every x E V^, \DiF^{x)\ < ^ < C. Since we may cover d'V_ by 
not more than CM'^~'^R balls of radius 1, a union bound gives 

P( max \F%x)n\ > p + C) < CM'^~'^Rexp{-cp'^R'^-'^) 

x£d'V- 

finishing the proof of f l64l) and thus the proposition. 

□ 

9.2 Second lower bound construction - Wormhole 

In this section we shall prove: 

Theorem 9.5. For all dimensions d > A and < e < -r^, there exist 

— lOd ' 

C,c,C{e,'y) > such that for a// < 7 < 2 and R > C{e,'j), 

¥{Zr > exp{-CR^)/R^) > cexp{-CR^+^'^'^-^^ - CR^+'^^^'^'^-^HogR) 

In addition to the common parts of the constructions, we define (see also 
Figure S]) 

W := Ai?-^+2", 
U := Cyl(i?, W), 

where < A < 1 is a small constant depending only on d whose value will be 
determined in the sequel. We always assume that U C Vq, which occurs for 
small enough A. We also consider a layer around the boundary of the set U, 

d'pU := {x I d{x,d'U) < p}. 
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We divide the force into four parts 

F{x) = F{x I 2Vo \ d'U) + F{x \ V+ \ 2Vo) + F{x \ \ V+) + F{x \ d'U) 

^ ^ " " . ' ^ V ' N ^ " 

Fi(x) F-2{x) F3{x) Fi{x) 

and further divide 
Define the event 

Qi :— {2Vo \ ffpU contains no stars} 

and note that 

P(Qi) > exp(-Vol(2yo)) > exp(-Ci?^+2"('^-^)). (66) 

As in the previous section, we lower bound the probabihties that and F^ 
give a neghgible contribution to the force uniformly on |C/ and we estimate 
the contribution of F^ — F^'^. 

Proposition 9.6. For < e < there exist Cio, Cn, C, c, C(e), c(e) > 
such that if R> C{e) then: 

1. On the event VLi, we have deterministically that 

yxelu \F\x)i - F^'\x)i\ < ^ 



2. 



3. 



Vx e ^ffU F\x)n - F^'^{x)n > cW. 



P I maxlF^fx)! < ^ I > c(£)exp(-C(£)i?^+"('='-2)logi?). 



P 



f M Ciolog^/^(i?)\ 1 

(^max|F^M|< "JJ^ > j>-. 
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The proof of the proposition is the same as the proofs of parts 1 to 3 of 
Proposition [23] with |f/ replacing V_ and with M'^yV^ replacing M''\(K^U[/) 
in part 3. 

It remains to control F^'^. For a finite set A C Closure(c7f/) let 

^2 := I There exists a bijection T : A ^ {Z n d'pU) 
with d{x,T{x)) < p Vx G a|. 

We note that 

Lemma 9.7. Let X be a random variable with Poisson( Vb/(9^L'^)) distribu- 
tion. For any finite set A C Closure{d'U) , 



F{n^) > P(X = \A\) 



Fo/(i^(0,p) )V^I 
Vol{d'U) 



Proof. To prove the lemma enumerate the points in A hj Xi, . . . ,x\a\ and 
note that occurs if there are exactly \A\ stars in d'pU and if the i-th star 
falls in B{xi, p). □ 

The main proposition of this section is 

Proposition 9.8. For d > A, there exist C,c,C{e) > and a finite set 
A C Closure{d'U) with \A\ < Ci^^+^+^e^'^-^) ^^^j^ ^j^^^ if R> C{e) and if 
occurred then 

1. For all xe\U we have cXR^-^ < F^'\x)i < C\R^-^ . 



2. For all x G \d'U we have \F^'^{x)n\ < CA'^-2^~(<i-2)+^+2e(d-3)^ 

Corollary 9.9. We may choose C,,C,c> 0, the constant < A < 1 from the 
definition ofW (independently of R and e) and C(e, 7) > such that for all 
d > 4 and < 7 < 2, letting 

El := jvx G -U iR^~^ > F{x)i > C^R^-''] n | min F{x)n > ol, 
t 3 J 1^ xe^d'u ) 

we have for R> C{e, 7) that 

¥{Ef) > cexp(-Ci?i+2^('^-i) - ^^^j^y ^g^^. 
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We remark that the requirement that R > C{e,'~f) may be weakened to 
R > C{e) and the requirement < 7 < 2 strengthened to < 7 < 2 by 
choosing the parameters a httle differently in Proposition 19.81 and obtaining 
F^[x)i of a larger order of magnitude for a higher probabilistic cost. Since 
this complicates the proof slightly and does not contribute much to the final 
result we do not describe this improvement. 

Proof of Corollary \9.y[ We let A be the set from Proposition 19.81 and note 
that by (!66|) and Lemma [9.71 we have for R> C that 

Note that if we let J^i := a{F\ni),J^2 ■= a{F^),J^3 ■= (^(F^) and ■ = 
(j{F'^, f2^) (where as before a{-) denotes the generated a-field), then the jF^'s 
are independent a-fields. Hence, by Proposition 19.61 (combining all 3 parts) 
and Proposition 19.81 we see that for large enough ^ and R > C{e) we have 
that 

F{Ef I ^1,^^) > c(e)exp(-C(e)i?^+"('^-2)logi?), 

provided that the error terms affecting F{x)i for x G |?7 and F{x)n for 
X G ^d'U do not dominate the main terms. This occurs, for example, when 

cW > 2max(fi-^ ^^°^^"/^^^^^^^^ 

rA/?i-^>2maxr ^ ^loWM^ 

which when d > 5 happens for R > C{e) and for d = 4 happens when A is 
sufficiently small and R > C(e, 7). This concludes the proof. □ 

Theorem 19.51 for d > 4 and < 7 < 2 follows from this Corollary by a 
straightforward application of Proposition 19.11 taking |t/ as V. The case of 
7 = 2 follows from the other cases since {Zji > exp{—CR^)/R'"} ^ {Zji > 
exp{—CR^)/R'-''} for all < 7 < 2. Proposition 19.81 will be proved over the 
next 3 subsections. 



9.2.1 Continuous version of Proposition [9.81 

In this section we shall formulate and prove a continuous version of Proposi- 
tion [931 The proposition will then be proved in the next section by approx- 
imating this continuous version. 
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Recall the definition of i'l,w from before Theorem 16.21 Set 

(3 := i?(2-7)iE|-2.^ 
^ ■= I3vr,w 

Note that z/ is supported on Closure (9' [/), but gives full mass to d'U. We 
define the "gravitational force from the mass distribution i/" as 

Jd'U \^ ~ ^1 

We note that if the stars in d'pU were "placed according to the distribution 
then F^'^{x) would equal G{x). 

Lemma 9.10. 

1. Fix M > letV := {x \ xl + xl^ xl< M^} and define 

H'aAx) := / ——-^d(Jd-i{z) 

JdV \Z — X\ 

then for each x & V° , the interior of V , the integral defining H'jy^{x) 
converges absolutely and H'f^^{x) = 0. 

2. There exists C > such that for each x G \d'U , 

\G{x)n\ < CpW''-^R-^''-^\ 

Note that Claim 1. above says that for an infinite cylinder V, the surface 
area measure ((Trf_i)|^ is the potential-theoretic equilibrium measure. 

We continue with an estimate of the first component of the gravitational 
force G from u in U. 

Lemma 9.11. For dimensions d > 4 there exist C,c> such that if R> C, 
for each x G |t/ 

c\R^~^ < < C\R^-^. 

Proof of Lemma \9.1(A 1. Fix x &V°. H'j^j{x) converges absolutely since 
the contribution to the norm of the integral from all the z with \zi — 
Xi\ = L IS less than CM'^~'^L~^'^~^\ We have H\.j{x)i = by symme- 
try. Finally, = follows from rotational symmetry and the 
divergence theorem. 
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2. Fix X E 3<9'f/. By rotating the coordinate system we may assume 

WLOG that X is such that G{x)n = G{x)2. Let U := {z \ z\ + ;z| H z\ 

W}, Pi := e t/ I |xi - 2i| < f } and P^:={zElJ \ \x^ - z^\ > f }. 
By the hnearity of the density of u we have 



G{x)n 



1 r 


X2 




x\'^^ 


C.(3 [ 




JPi 


\z — 



du{z) + 



d'U\Pi 



Z2 - X2 

\z — xl'^ 



dv^z) 



Z2 - X2 



"U\Pi 



\Z — X 



du{z) 



for some 1 < < 2 and by the previous part, 



Pi 



Z2 - X2 

' z ~ xY 

oo 



dad-i{z) 



Pi 



Z2 - X2 

\z — x\'^ 



dad^Az] 



< 



<C^(3 / CW^~^L-^^-^^dL<Cl3W^-^R-^'^~^\ 

Jr/2 



Similarly 



z — X 



d'U\P 

as required 



z — x\ 



dvi^z) 



<Cp CW'^-^L-^'^-^^dL<C[3W'^-^R~^'^-^\ 
Jr/2 



□ 



Proof of Lemma \9.11\ Fix x G \U and define Ct := d'U fl {xi = t). By 
definition 



G{x\=(3 



\d(Jd-2{z)dt 




We first estimate G^{x) by 
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We continue by noting that the contribution to G'^(x) from Cx^-s cancels 
with some of the contribution from C^^+s, giving 

[^^"^ S f Zi — Xi 

'^^(^) = / ~5 1 7idad-2{z)ds = 



We note that if z G C^.+s for < s < then cW-'^s < < CW-'^s. 

bmce 

s r 

I - W-'^sdad-2{z)ds = cWR'^ 

Jo R Jc^-,+s 

for some constant c > 0, we deduce that 

cWR-^ < G^{x) < CWR~\ 

Similarly, if ;z G C^.+s ioi W < s < R/2 we have cs~'^'^-^^ < < 
(jg-{d-i) ^ Since when d> A and R > C we have 



/ ^ / s-^'^-^^dad-2{z)ds = cWR-^ 



-R/2 

for some constant c > 0, we deduce that 

cWR-^ < G\x) < CWR-\ 

Putting all the above estimates together and noting that when R > C we 
have < ||G^(a;)| for all d > 4, we obtain 

c(3WR~^ < G{x)i < C(3WR-^ 

which concludes the proof since l3WR~^ = XR^~'^. □ 



9.2.2 Discrete Approximation 

In this section we approximate the continuous distribution u of the previous 
section by a measure z/' of the form u' = YlzeA for a set A C Closure((9'f/). 
Our approximation will be such that the force exerted by v and by v' on 
points in |f/ will remain approximately the same. This is done by using 
Theorem 16.21 and Proposition 17. 2[ 
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We introduce parameters {W was already introduced) 



L = 


R 


W = 




r = 


w 

100' 


t = 




T = 


r]WR-', 


s = 


r'-' ( J 
\2d + 


k = 


M(£), 


n = 





tR 



-ed 



where M{e) > is a constant depending only on e and d, chosen large enough 

for 



for the following calculations, and | < < 1 is chosen so that n = nf~^ 
an integer ni. 

We recall that in the notation of Theorem l6.2l Closure (9' f/) is the cylinder 
P2L,w- We use the theorem for the measure i'2L,w with the above parameters 
L,W,T,6,k and n (one checks that if R > C{e), this choice of n satisfies 
part (III) of the theorem) to obtain Di, . . . , C Closure(9'[/) and points 
{wDi,j)'j=i ^ Di satisfying the properties of the theorem. 

We now fix 1 < i < and define the measure z/^' := X]j=i '^wd ,j whose 
support is in Di. By part (III) of the theorem we have for each /i : — M 
which is of the form h{w) = {w — y)'^ for some y G Closure(9'f/) and some 
multi-index a with \a\ < k that 



h{w)du'i{w) — 



n 



ID. 

But, by part (II) of the theorem, ^V?tt 



h{w)di'2L,w{w) 



< 6n. 



^2L w = ^- Hence 



h{w)di'[{w) 



h{w)du{w] 



D,, 



< 6n. 



(68) 



We now apply Proposition 17.21 with the set U of the proposition being Di 
and with the variables . . . , y„ of the proposition being IID samples from 
u restricted to Di and normalized to be a probability measure. Fix a point 
y e Di and let Mj := P;}(Yj -y). We note that if = for 1 < j < n 
then by fIBSl) we have 



h{w)du'i{w) 



h{w)du{w] 



D,, 



< 6n. 
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Since we also have for R > C{e), d > 4 and the above choices of r and t that 
P72 iw^) conditions fH3l) and (jH]) hold (by part (II) of 



csotr" 



— Poly Dim( A:,d)i 

Theorem 16.21 sup^g^,. \^ ~ ul ^ Cr), we deduce from the proposition that 



max 



i=i i=i 



< t 



when Yj = Wo.j for 1 < j < n. In other words 



max 



w — X 



duUw) 



\w — X 



W — X 



\w — x\ 



■du{w] 



< t. 



Finally, defining the set A := {wDi,j}i=i...K and the measure = i^i 

j=l...n 

J2weA W6 obtain 



max 



w — X 



\w — x\ 



■du'iw) 



w — X 



IjK \w — x\ 



du{w) 



< tK. 



By part (II) of Theorem \Q.2\ we have (for d > A) 
And also 



\A\ =nK < CPW^-^R < 
To end this section, we prove 

Lemma 9.12. There exists C,C{s) > such that if R > C^e) then 



(69) 

(70) 
(71) 



max 

xelu 



w — X 



■du'iw) — 



\w — X 

Proof. By ([69]) and ([70]) we have 

w — X 



w — X 



d'u F - ^1 



dviw) 



< CpW'^~^R-^'^-^\ 



max 

x^\U 



\w — x\ 



-.dv'{w) 



w — X 



I lif n- — x\ 



dv{w] 



< CR-^''-^\ 



Since for R> C{e) we have l3W ^ > 1, it is enough to prove that 



max 



w — X 



d'U\uf^^D, \W -X\ 



du{w] 



< CI3W^-^R~^'^-^\ 



63 



By part (I) of Theorem 16. 21 we know that up to //-measure 0, d'U \ Vjf^^Di is 
contained in {x G d'U \ |a;i| > ^}. Hence, just as in the previous section, 



max 



W — X 



\W — X\ 



■dviw] 



< C(3 / W'^-^L-^'^-^^dL < 

Jr/2 



□ 



9.2.3 Proof of Proposition [9781 

For the set A, we take the set constructed in the previous section. It remains 
to show that it fulfills the properties in the proposition. Assume that fi^ 
occurred and enumerate the points in A by Wi, . . . , w\a\ and the stars in d'pU 
by Yi, . . . , Y\A\ in such a way that d{wi, Yi) < p for all i. By definition we 
have that 



f^^\x)=y: 



1=1 



Y,-x 
\Y-x\' 



Fix X E T^U. We recall from (j5]) that \Dig{x) 



< C\x\ We now 



estimate 



EYi — X 
IK- -xK 



i=l 



\A\ 

E 

i=l 



Wi — X 



\Wi — x\ 



< CW-'^p\A\ < CK 



for i? > C, by our choice of p and by (I7T1) . 
It follows from this and Lemma 19.121 that 

max \F^^\x) - G{x) \ < C f3W'^~^R-^'^-^\ 

Since by Lemmas 19.101 and 19. Ill we have for each a; G |?7 

cXR^-^ <G{x)i < CXR^-^ 



and for x G ^d'U 



\G{x)n\ < C(3W^'^R-^''^^^ 



the proposition is proven. 



□ 
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